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Abstract
Five-dimensional N = 1 supersymmetric Yang-Mills theories are investigated from
the viewpoint of random plane partitions. It is shown that random plane partitions are
factorizable as q-deformed random partitions so that they admit the interpretations as
five-dimensional Yang-Mills and as topological string amplitudes. In particular, they lead
to the exact partition functions of five-dimensional N = 1 supersymmetric Yang-Mills
with the Chern-Simons terms. We further show that some specific partitions, which we
call the ground partitions, describe the perturbative regime of the gauge theories. We
also argue their role in string theory. The gauge instantons give the deformation of the
ground partition.
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1 Introduction and summary
Recently it becomes possible [1, 2] to compute the exact partition functions of four-dimensional
N = 2 supersymmetric gauge theories. Remarkably, the celebrated Seiberg-Witten solutions
[3] of the gauge theories emerge [2, 4] through the statistical models of random partitions.
N = 2 supersymmetric gauge theories are realized [5] by Type IIA strings on certain
Calabi-Yau threefolds. The topological vertex [6] provides a powerful method to compute all
genus topological A-model partition functions on local toric Calabi-Yau threefolds. The string
amplitudes on the relevant threefolds are computed [7, 8] by using this and shown to reproduce
the gauge instanton contributions to the exact partition functions of the gauge theories. It
turns out surprisingly that the topological vertex is identified [9] with the partition function of
a model of random plane partitions [10]. This interpretation is further explored in [11]. The
appearance of random plane partitions in string theory suggests their possible relation to the
gauge theories.
Nevertheless, the exact solutions of the gauge theories have not been studied from the
viewpoint of random plane partitions. In this article, we investigate five-dimensional N = 1
supersymmetric Yang-Mills theories from the perspective of random plane partitions. A plane
partition pi = (piij)i,j≥1 is an array of non-negative integers satisfying piij ≥ pii+1j and piij ≥ piij+1,
and identified with the three-dimensional Young diagram as depicted in Figure 1-(a). The
diagram is also regarded as a sequence of partitions pi(m), where m ∈ Z. See Figure 1-(b).
Among the series of partitions, pi(0) will be called the main diagonal partition of pi. We consider
the following model of random plane partitions.
Z(q, Q) =
∑
pi
q|pi|Q|pi(0)|, (1.1)
where q and Q are indeterminates. |pi| and |pi(0)| denote respectively the total numbers of cubes
and boxes of the corresponding diagrams. By an identification of q and Q with the relevant
string theory parameters, the partition function can be converted into topological A-model
string amplitude on the local Calabi-Yau threefold O ⊕O(−2)→ P1.
The above model has an interpretation as random partitions. It can be seen by rewriting
the partition function as
Z(q, Q) =
∑
µ
Q|µ|
( ∑
pi(0)=µ
q|pi|
)
, (1.2)
1
m
0
pi(0)
(a) (b)
Figure 1: The three-dimensional Young diagram (a) and the corre-
sponding sequence of partitions (the two-dimensional Young
diagrams) (b).
where the summation over plane partitions in (1.1) are divided into two branches. The partitions
µ are thought as the ensemble of the model by summing first over the plane partitions whose
main diagonal partitions are µ. As the model of random partitions, it becomes a q-deformation
of the standard Plancherel measured random partitions.
It is well known that partitions are realized as states of two-dimensional free fermions.
By using the folding [12] of a single complex fermion into N -component ones, each partition
can be expressed as a set of N charged partitions (λ(r), pr), where λ
(r) are partitions and
pr are the U(1) charges of the N -component fermions. This correspondence is used [2] to
study the exact partition functions for four-dimensional N = 2 supersymmetric gauge theories.
Among partitions, these coming from the charged empty partitions (λ(r), pr) = (∅, pr) turn
out to play special roles. We call them the ground partitions. Regarding the model as the
q-deformed random partitions, we write the Boltzmann weights for the ground partitions by
Z
SU(N) pert
q ({pr}, Q). We will factor the partition function into
Z(q, Q) =
∑
{pr}
ZSU(N) pertq ({pr}, Q)
∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q). (1.3)
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This factorization turns out useful to find out the gauge theoretical interpretations. The
relevant field theory parameters are ar,Λ and R, where ar are the vacuum expectation values
of the adjoint scalar in the vector multiplet and Λ is the scale parameter of the underlying four-
dimensional theory. R is the radius of S1 in the fifth dimension. We identify these parameters
with q, Q and pr in (1.3) as follows;
q = e−
2
N
R~, Q = −(2RΛ)2, p˜r = ar/~, (1.4)
where p˜r = pr +
1
N
(r − N+1
2
). The parameter ~, which can be thought as a chemical potential
for plane partitions, is often identified with the string coupling constant gst. Via the above
identifications we derive
ZSU(N) pertq ({pr}, Q)
∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q) = Z
SU(N)
5d SYM({ar}; Λ, R, ~), (1.5)
where the RHS is the exact partition function [2] for five-dimensional N = 1 supersymmetric
SU(N) Yang-Mills with the Chern-Simons term [13]. The five-dimensional theory is living on
R4 × S1. The Chern-Simons coupling constant ccs is quantized to N . The above can be said
more precisely as follows;
ZSU(N) pertq ({pr}, Q) = Z
SU(N) pert
5d SYM ({ar}; Λ, R, ~), (1.6)∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q) = Z
SU(N) inst
5d SYM ({ar}; Λ, R, ~), (1.7)
where the RHSs are respectively the perturbative part and the instanton part of the exact
partition function.
The gauge theory partition function is obtained as the ~ → 0 limit of the above partition
function. The ground partition in (1.5) becomes very large since its size is ∼ p2r and the U(1)
charges pr scale as ~
−1 at the field theory limit. The equality (1.6) shows that these ground
partitions describe the perturbative regime of the Coloumb branch. λ(r) in (1.5) represent U(1)
instantons with c2 = |λ(r)| on a non-commutative R4 [14]. They can be viewed as excitations
from the ground partition. These excitations emerge as the quantum (non-perturbative) defor-
mation of the perturbative Coloumb branch when λ(r) are comparable to the ground partition.
We start Section 2 with a brief review on the transfer matrix approach [10] to random plane
partitions. The perspective of the q-deformation is emphasized. In Section 3 we examine the
3
factorization (1.3) for the case of SU(2) and confirm the equality (1.7). Section 4 is devoted
to prove the equality (1.6) for this case. The discussion is also applicable to the cases of the
higher rank gauge groups. In Section 5 we treat the cases of SU(N). The instanton parts
can be converted to topological A-model string amplitudes on the relevant local Calabi-Yau
threefolds. These amplitudes are summarized in Appendix.
2 Random plane partitions and U(1) gauge theory
A plane partition pi is an array of non-negative integers
pi11 pi12 pi13 · · ·
pi21 pi22 pi23 · · ·
pi31 pi32 pi33 · · ·
...
...
...
(2.1)
satisfying piij ≥ pii+1j and piij ≥ piij+1 for all i, j ≥ 1. Plane partitions are identified with the
three-dimensional Young diagrams. The three-dimensional diagram pi is a set of unit cubes such
that piij cubes are stacked vertically on each (i, j)-element of pi. The size of pi is |pi| ≡
∑
i,j≥1 piij,
which is the total number of cubes of the diagram. Each diagonal slice of pi becomes a partition,
that is, a sequence of weakly decreasing non-negative integers. Let pi(m) be a partition along
the m-th diagonal slice.
pi(m) =
 (pi1 m+1, pi2 m+2, pi3 m+3, · · · ) for m ≥ 0(pi−m+1 1, pi−m+2 2, pi−m+3 3, · · · ) for m ≤ −1. (2.2)
In particular pi(0) = (pi11 ≥ pi22 ≥ pi33 ≥ · · · ≥ 0) is the main diagonal partition. The series of
partitions pi(m) satisfies the condition
· · · ≺ pi(−2) ≺ pi(−1) ≺ pi(0) ≻ pi(1) ≻ pi(2) ≻ · · · , (2.3)
where µ ≻ ν means the following interlace relation between two partitions µ = (µ1 ≥ µ2 ≥
· · · ≥ 0) and ν = (ν1 ≥ ν2 ≥ · · · ≥ 0)
µ ≻ ν ⇐⇒ µ1 ≥ ν1 ≥ µ2 ≥ ν2 ≥ µ3 ≥ · · · . (2.4)
We have |pi| =
∑+∞
m=−∞ |pi(m)|, where the size of a partition µ is also denoted by |µ| ≡
∑
i≥1 µi.
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2.1 Random plane partitions
Amodel of random plane partitions relevant to describe five-dimensionalN = 1 supersymmetric
U(1) gauge theory is defined by the following partition function.
ZU(1)q (Q) ≡
∑
pi
q|pi|Q|pi(0)|. (2.5)
The Boltzmann weight consists of two parts. The first contribution comes from the energy of
plane partitions pi, and the second contribution is a chemical potential for the main diagonal
partitions pi(0). To contact with the U(1) gauge theory we will identify the indeterminates q
and Q with the following field theory parameters.
q = e−2R~, Q = −(2RΛ)2, (2.6)
where R is the radius of S1 in the fifth dimension and Λ denotes the scale parameter of the
underlying four-dimensional theory. The parameter ~ is often identified with string coupling
constant gst.
2.1.1 Transfer matrix approach
The transfer matrix approach [10] allows us to express the random plane partitions (2.5) in terms
of two-dimensional conformal field theory (2d free fermion system). The partition function can
be computed exactly by using the standard technique of 2d CFT.
It is well known that partitions are realized as states of 2d free fermions by using the Maya
diagrams. Let ψ(z) =
∑
k∈Z+ 1
2
ψkz
−k− 1
2 and ψ∗(z) =
∑
k∈Z+ 1
2
ψ∗kz
−k− 1
2 be complex fermions
with the anti-commutation relations
{ψk, ψ
∗
l } = δk+l,0, {ψk, ψl} = {ψ
∗
k, ψ
∗
l } = 0. (2.7)
Let µ = (µ1, µ2, · · · ) be a partition. The Maya diagram is the set Sµ which is defined by
Sµ ≡
{
xi(µ) = µi − i+
1
2
; i ≥ 1
} (
⊂ Z+
1
2
)
. (2.8)
The correspondence with the Young diagram is depicted in Figure 2. By using the Maya
diagram the partition can be mapped to the following fermion state.
|µ;n〉 = ψ−x1(µ)−nψ−x2(µ)−n · · ·ψ−xl(µ)(µ)−nψ
∗
−l(µ)+ 1
2
+n
ψ∗
−l(µ)+ 3
2
+n
· · ·ψ∗
− 1
2
+n
|∅;n〉, (2.9)
5
x2(µ) x1(µ)x3(µ)
0 x
Figure 2: The correspondence between the Maya diagram and the Young
diagram of µ = (7, 5, 4, 2, 2, 1). Elements of the Maya dia-
gram are denoted by •.
where l(µ) is the length of µ, that is, the number of the non-zero µi. In (2.9) the state |∅;n〉 is
the ground state of the charge n sector. It is defined by the conditions
ψk|∅;n〉 = 0 for k > −n,
ψ∗k|∅;n〉 = 0 for k > n. (2.10)
We mainly consider the n = 0 sector in the below.
The basic ingredient of the transfer matrix approach is the following evolution operator at
a discretized time m ∈ Z.
Γ(m) ≡

exp
(+∞∑
k=1
1
k
qk(m+
1
2
)J−k
)
for m ≥ 0
exp
(+∞∑
k=1
1
k
q−k(m+
1
2
)Jk
)
for m ≤ −1,
(2.11)
where J±k are the modes of the standard U(1) current
: ψψ∗ : (z) =
∑
n
Jnz
−n−1. (2.12)
Implications of the above operators in random plane partitions can be understood from their
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matrix elements: For m ≥ 0,
〈µ; 0|Γ(m)|ν; 0〉 =
 q(m+
1
2
)(|µ|−|ν|) µ ≻ ν
0 otherwise,
(2.13)
and for m ≤ −1,
〈µ; 0|Γ(m)|ν; 0〉 =
 q(m+
1
2
)(|µ|−|ν|) µ ≺ ν
0 otherwise.
(2.14)
It follows from (2.13) and (2.14) that the partition function is expressed as
ZU(1)q (Q) = 〈∅; 0|
{ ∏
m≤−1
Γ(m)
}
QL0
{∏
m≥0
Γ(m)
}
|∅; 0〉. (2.15)
This expression allows us to compute the partition function by using the standard technique of
2d CFT. It becomes
ZU(1)q (Q) =
+∞∏
n=1
1
(1−Qqn)n
. (2.16)
It is also possible to regard ~ as a chemical potential for plane partitions. Thermodynamic
limit of (2.5) is obtained by letting ~→ 0. Let us recall that the mean values of |pi| and |pi(0)|
are respectively given by q ∂
∂q
lnZ
U(1)
q and Q
∂
∂Q
lnZ
U(1)
q . It follows from (2.16) that they behave
〈|pi|〉 = O(~−3) and 〈|pi(0)|〉 = O(~−2) as ~ → 0 (q → 1). Therefore a typical plane partition
pi at the limit ~ → 0 is a plane partition of order ~−3, and its main diagonal partition pi(0)
becomes a partition of order ~−2.
2.1.2 q-deformed random partitions
We can interpret the random plane partitions (2.5) as a model of random partitions. It is
identified with a q-deformation of the standard Plancherel measured random partitions. (The
deformation is different from [2].) To see this, we rewrite the partition function by using the
Schur functions. An insertion of the unity 1 =
∑
µ |µ; 0〉〈µ; 0| factorizes (2.15) into
ZU(1)q (Q) =
∑
µ
Q|µ|〈∅; 0|
∏
m≤−1
Γ(m)|µ; 0〉〈µ; 0|
∏
m≥0
Γ(m)|∅; 0〉. (2.17)
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The matrix elements in the above turn to be
〈∅; 0|
∏
m≤−1
Γ(m)|µ; 0〉 = 〈∅; 0|
+∞∏
k=1
exp
(1
k
+∞∑
i=1
qk(i−
1
2
)Jk
)
|µ; 0〉
= sµ(q
1
2 , q
3
2 , · · · ), (2.18)
〈µ; 0|
∏
m≥0
Γ(m)|∅; 0〉 = 〈µ; 0|
+∞∏
k=1
exp
(1
k
+∞∑
i=1
qk(i−
1
2
)J−k
)
|∅; 0〉
= sµ(q
1
2 , q
3
2 , · · · ), (2.19)
where sµ(q
1
2 , q
3
2 , · · · ) is the Schur function sµ(x1, x2, · · · ) specialized at xi = q
i− 1
2 (i ≥ 1).
Therefore we obtain
ZU(1)q (Q) =
∑
µ
Q|µ|sµ(q
−ρ)2, (2.20)
where the multiple index ρ ≡ (−1
2
,−3
2
, · · · ,−i + 1
2
, · · · ) is used. The expression (2.20) allows
us to interpret (2.5) as a model of q-deformed random partitions. It is also clear from (2.17)
that partitions µ are the main diagonal partitions pi(0).
The four-dimensional limit of the model is obtained by letting R→ 0 under the identification
(2.6). To obtain the limit of (2.20) the following product formula of the Schur function [15]
becomes useful.
sµ(q
−ρ) = q−
1
4
κ(µ)
∏
(i,j)∈µ
1
q−
h(i,j)
2 − q
h(i,j)
2
, (2.21)
where h(i, j) is the hook length of the box (i, j) in the Young diagram, and κ(µ) ≡ 2
∑
(i,j)∈µ(j−
i). By using (2.21) we can see from (2.20) that
lim
R→0
ZU(1)q (Q) =
∑
µ
(
Λ
~
)2|µ|
(−1)|µ|
(
∏
(i,j)∈µ h(i, j))
2
. (2.22)
This is the random partitions [2, 4] which describes four-dimensional N = 2 supersymmetric
U(1) gauge theory on non-commutative R4.
2.1.3 Interpretation as topological string amplitude
The partition function (2.5) can be converted to topological string amplitude on a certain non-
compact Calabi-Yau threefold by identifying q and Q with the string theory parameters. Let
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us consider the topological A-model on O⊕O(−2)→ P1. All genus A-model partition function
on this local geometry is computed [16] from the M-theory viewpoint. It is given by
Z
U(1)
string(q, Q) =
∞∏
n=1
1
(1−Qqn)n
, (2.23)
where the string coupling constant gst and the Ka¨hler parameter t of the P
1 appear as q = e−gst
and Q = e−t.
The topological vertex [6] makes it possible to compute all genus A-model partition functions
on local toric Calabi-Yau threefolds by using diagrammatic techniques like the Feynman rules,
where the diagrams are the dual toric diagrams of the local geometries. The diagram for the
above local geometry is described in Figure 3. A computation using the topological vertices
presents the amplitude in the same form as (2.20). In that expression, partitions µ are attached
to the P1.
µ,Q
Figure 3: The diagram for O ⊕ O(−2) → P1. Q = e−t, where t is the
Ka¨hler parameter of the P1. Partitions µ are attached to the
P
1.
3 SU(2) Yang-Mills and random plane partitions
3.1 Multi-component fermion
The Fock representation of a single complex fermion has [12] an alternative realization by
exploiting N complex fermions:
ψ
(r)
k , ψ
(s)∗
l , k, l ∈ Z+
1
2
, r, s = 1, 2, . . . , N, (3.1)
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with the anti-commutation relations
{ψ(r)k , ψ
(s)∗
l } = δr,sδk+l,0 . (3.2)
ψ(r)(z) and ψ(s)∗(z) are obtained from ψ(z) and ψ∗(z) by the following identifications.
ψ
(r)
k = ψN(k−ξr), ψ
(s)∗
l = ψN(l+ξs), (3.3)
where ξr ≡
1
N
(
r − N+1
2
)
.
It is convenient to consider partitions paired with the U(1) charges. We denote such a
charged partition by (µ, n), where µ is a partition and n is the U(1) charge. The states |µ; n〉
constitute bases of the Fock space of a single complex fermion. Thanks to the above realization
of N fermions, we can express (µ, n) uniquely by means of N charged partitions (λ(r), pr) and
vice versa through the identification
|µ; n〉 =
N⊗
r=1
|λ(r); pr〉(r). (3.4)
The conservation of the U(1) charges implies
∑N
r=1 pr = n. The correspondence between the
partitions µ and λ(r) can be described explicitly by using the Maya diagrams (shifted by the
U(1) charges). It becomes
{
xi(µ) + n ; i ≥ 1
}
=
N⋃
r=1
{
N(xir(λ
(r)) + p˜r) ; ir ≥ 1
}
, (3.5)
where p˜r ≡ pr + ξr. In particular, when n = 0, the following information on the partitions is
obtainable from the above correspondence by applying the method of power-sums [2].
|µ| = N
N∑
r=1
|λ(r)|+
N
2
N∑
r=1
p2r +
N∑
r=1
rpr,
κ(µ) = N2
N∑
r=1
κ(λ(r)) + 2N2
N∑
r=1
p˜r|λ
(r)|+
N2
3
N∑
r=1
p˜3r . (3.6)
The Maya diagram Sλ(r) is considered as the subset of Sµ by (3.5). It is also a subset of
NZ+ r− 1
2
(⊂ Z+ 1
2
). We may colour the set NZ+ r− 1
2
just by attaching the number r to all
the elements. Sλ(r) gets coloured by r. (3.5) shows that Sµ has N colours, where the number r
is attached to these elements coming from Sλ(r).
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3.2 SU(2) Yang-Mills from random plane partitions
Let us begin with the case of two-component fermions. Owing to the identification (3.4) any
charged partition (µ, n) can be expressed by (λ(1), p1) and (λ
(2), p2). We consider the neutral
case, that is, n = 0. (λ(1), p) and (λ(2),−p) determine a partition in the neutral sector. We
denote such a partition by µ(λ(1), λ(2); p). The corresponding Maya diagram Sµ(λ(1) ,λ(2); p) can
be read from (3.5) as
Sµ(λ(1),λ(2); p)
=
{
2
(
xi1(λ
(1)) + p−
1
4
)
; i1 ≥ 1
}
∪
{
2
(
xi2(λ
(2))− p+
1
4
)
; i2 ≥ 1
}
. (3.7)
In the present case, the quantities (3.6) turn to be
|µ(λ(1), λ(2); p)| = 2(|λ(1)|+ |λ(2)|) + p(2p− 1),
κ(µ(λ(1), λ(2); p)) = 4(κ(λ(1)) + κ(λ(2))) + 2(4p− 1)(|λ(1)| − |λ(2)|). (3.8)
We regard the random plane partitions (2.5) as the q-deformed random partitions via the
expression (2.20) and rewrite the partition function as
ZU(1)q (Q) =
∑
p∈Z
∑
λ(1),λ(2)
Q|µ(λ
(1),λ(2); p)|sµ(λ(1),λ(2); p)(q
−ρ)2. (3.9)
Subsequently we will further factor the above into the following form.
ZU(1)q (Q) =
∑
p∈Z
Zpertq (p,Q)
∑
λ(1),λ(2)
Z instq (λ
(1), λ(2), p, Q). (3.10)
3.2.1 SU(2) ground partitions
We first consider the cases consisting of the empty partitions
λ(1) = λ(2) = ∅. (3.11)
For each p ∈ Z, the corresponding partition µ(∅, ∅; p) is named the SU(2) ground partition.
We will show in the next section that these partitions are responsible to the perturbative gauge
theory. It follows from (3.7) that they are given by
µ(∅, ∅, p) =

(2p− 1, 2p− 2, . . . , 1) p ≥ 1
∅ p = 0
(2|p|, 2|p| − 1, . . . , 1) p ≤ −1 .
(3.12)
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1 1 1 1
33
4p− 7
4p− 5 4p− 5
4p− 3
Figure 4: The SU(2) ground partition for p ≥ 1. It is the partition
(2p − 1, 2p − 2, · · · , 1). The numbers in the boxes are the
hook length.
The ground partition with p ≥ 1 is drawn in Figure 4.
Taking account of the contributions of the ground partitions to (3.9), we compute the
following quantities.
Zpertq (p,Q) ≡ Q
1
2
|µ(∅,∅; p)|sµ(∅,∅; p)(q
−ρ). (3.13)
The hook length formula (2.21) becomes useful for the computation. By plugging the hook
length of the boxes (Figure 4) into the formula, we evaluate (3.13) as follows.
Q
1
2
|µ(∅,∅; p)|sµ(∅,∅; p)(q
−ρ) = Q
p(2p−1)
2
∏
(i,j)∈µ(∅,∅; p)
1
q−
h(i,j)
2 − q
h(i,j)
2
=
2p−1∏
k=1
{
Q
1
2
q−
4p−1
2 qk − q
4p−1
2 q−k
}k
, (3.14)
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for p ≥ 1. The similar expression is also obtainable for p ≤ −1. We thus get
Zpertq (p,Q) =

2p−1∏
k=1
{
Q
1
2
Q
− 1
2
F q
k −Q
1
2
F q
−k
}k
p ≥ 1
1 p = 0
2|p|∏
k=1
{
Q
1
2
Q
1
2
F q
k −Q
− 1
2
F q
−k
}k
p ≤ −1
, (3.15)
where we put QF = q
4p−1.
3.2.2 SU(2) instantons
We factorize the partition function (3.9) in the following form.
ZU(1)q (Q) =
∑
p∈Z
Zpertq (p,Q)
2
∑
λ(1),λ(2)
Z instq (λ
(1), λ(2), p, Q)2, (3.16)
where we define Z instq via the relations
Q
1
2 |µ(λ(1) ,λ(2); p)|sµ(λ(1) ,λ(2); p)(q
−ρ) = Zpertq (p,Q)Z
inst
q (λ
(1), λ(2), p, Q). (3.17)
Owing to (3.13) we can rewrite the above as
Z instq (λ
(1), λ(2), p, Q) = Q
1
2(|µ(λ
(1),λ(2); p)|−|µ(∅,∅; p)|)sµ(λ(1) ,λ(2); p)(q
−ρ)
sµ(∅,∅; p)(q−ρ)
. (3.18)
The ratio of the Schur functions in (3.18) can be computed by using the infinite product
formula of the (specialized) Schur function [15]
sµ(q
−ρ) = q−
1
4
κ(µ)
∏
1≤i<j<∞
{
q−
1
2
(xi(µ)−xj(µ)) − q
1
2
(xi(µ)−xj(µ))
q−
1
2
(j−i) − q
1
2
(j−i)
}
. (3.19)
The above formula gives rise to the following expression for Z instq .
Z instq (λ
(1), λ(2), p, Q)
= Q
1
2(|µ(λ(1),λ(2); p)|−|µ(∅,∅; p)|)q−
1
4(κ(µ(λ(1) ,λ(2); p))−κ(µ(∅,∅; p)))
×
∏
1≤i<j<∞
{
q−
1
2(xi(µ(λ
(1) ,λ(2); p))−xj(µ(λ
(1) ,λ(2); p))) − q
1
2(xi(µ(λ
(1) ,λ(2); p))−xj(µ(λ
(1) ,λ(2); p)))
q−
1
2
(xi(µ(∅,∅; p))−xj(µ(∅,∅; p))) − q
1
2
(xi(µ(∅,∅; p))−xj(µ(∅,∅; p)))
}
.
(3.20)
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This is an expression in terms of µ(λ(1), λ(2); p) and µ(∅, ∅; p). By using (3.7) we can translate
(3.20) into an expression presented explicitly in terms of λ(1) and λ(2). We first note the simple
powers of Q and q in (3.20) is read from (3.8) as
Q
1
2(|µ(λ(1),λ(2); p)|−|µ(∅,∅; p)|)q−
1
4(κ(µ(λ(1) ,λ(2); p))−κ(µ(∅,∅; p)))
= Q|λ
(1)|+|λ(2)|q−κ(λ
(1))−κ(λ(2))Q
− |λ
(1)|−|λ(2)|
2
F . (3.21)
Due to the correspondence (3.7) the elements xi(µ(λ
(1), λ(2); p)) and xj(µ(∅, ∅; p)) are expressed
by xi(λ
(1)), xj(λ
(2)), xk(∅) and p. In particular, the products in (3.20) can be classified into
the three patterns according as they are made of q−(xi(λ
(r))−xj(λ(r))) − qxi(λ
(r))−xj(λ
(r)) (r = 1, 2)
or Q
− 1
2
F q
−(xi(λ(1))−xj(λ(2))) − Q
1
2
F q
xi(λ(1))−xj(λ(2)). We then factor the infinite products into these
patterns. Putting (3.21) together we get
Z instq (λ
(1), λ(2), p, Q)
= ±Q|λ
(1)|+|λ(2)|q−κ(λ
(1))−κ(λ(2))Q
−
|λ(1)|−|λ(2)|
2
F
×
∏
r=1,2
 ∏
1≤i<j<∞
q−
(
xi(λ
(r))−xj(λ
(r))
)
− qxi(λ
(r))−xj(λ(r))
q−(j−i) − qj−i


×
∏
1≤i,j<∞
Q
− 1
2
F q
−
(
xi(λ
(1))−xj(λ
(2))
)
−Q
1
2
F q
xi(λ(1))−xj(λ(2))
Q
− 1
2
F q
−(j−i) −Q
1
2
F q
j−i
 . (3.22)
The expression (3.22) makes it possible to rewrite Z instq in a form convenient to compare
with the topological string amplitude. The first two infinite products have the same form. By
noting the relation sµ(q
−ρ) = (−)|µ|q−
1
2
κ(µ)sµ(q
ρ), the product formula (3.19) gives
∏
1≤i<j<∞
q−
(
xi(λ(r))−xj(λ(r))
)
− qxi(λ
(r))−xj(λ
(r))
q−(j−i) − qj−i
 = (−)|λ(r)|q− 12κ(λ(r))sλ(r)(q2ρ). (3.23)
As regards the last infinite products in (3.22), the following description is obtainable by the
standard computation of 2d CFT.
∏
1≤i,j<∞
Q
− 1
2
F q
−
(
xi(λ
(1))−xj(λ
(2))
)
−Q
1
2
F q
xi(λ(1))−xj(λ(2))
Q
− 1
2
F q
−(j−i) −Q
1
2
F q
j−i

= q
1
2(κ(λ
(1))−κ(λ(2)))Q
1
2(|λ(1)|+|λ(2)|)
F
∞∏
k=1
(1−QF q
2k)k
∑
ν
Q
|ν|
F sν(q
2(λ(1)+ρ))sν(q
2(λ˜(2)+ρ)),
(3.24)
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where λ˜ denotes the partition conjugate to λ. Finally, putting together (3.23) and (3.24), we
can rewrite (3.22) as follows;
Z instq (λ
(1), λ(2), p, Q)
= ±Q|λ
(1)|+|λ(2)|q−κ(λ
(1))−2κ(λ(2))Q
|λ(2)|
F sλ(1)(q
2ρ)sλ(2)(q
2ρ)
×
∞∏
k=1
(1−QF q
2k)k
∑
ν
Q
|ν|
F sν(q
2(λ(1)+ρ))sν(q
2(λ˜(2)+ρ)). (3.25)
3.2.3 Interpretation as five-dimensional SU(2) Yang-Mills
We fix p ∈ Z. The relevant field theory parameters are a,Λ and R, where ±a are the VEVs of
the adjoint scalar in the vector multiplet. We identify q, QF and Q with a,Λ and R as follows.
q = e−R~, QF = e
−4Ra, Q = −(2RΛ)2. (3.26)
Since we have set QF = q
4p−1 the above implies
a = ~p˜, (3.27)
where p˜ ≡ p− 1
4
.
The identifications (3.26) convert Z instq to the instanton contributions in five-dimensional
gauge theories. This follows by rephrasing the expression (3.22) in terms of the field theory
parameters. In particular, we obtain∑
λ(1),λ(2)
Z instq (λ
(1), λ(2), p, Q)2 = Z
SU(2) inst
5d SYM (a; Λ, R, ~). (3.28)
The RHS is the instanton part of the exact partition function [2] for five-dimensional N =
1 supersymmetric SU(2) Yang-Mills with the Chern-Simons term [13]. The Chern-Simons
corrections come from the following factor in (3.22).
q−κ(λ
(1))−κ(λ(2))Q
− |λ
(1)|−|λ(2)|
2
F , (3.29)
which is also understood [17] as a part of the so-called framing factor of the topological string
vertices [6]. The Chern-Simons term is quantized with the coupling constant ccs taking integral
values. In the present case, it becomes ccs = 2.
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In the next section we will show that the square of Zpertq is translated to the perturbative
part of the partition function for the supersymmetric Yang-Mills. Taking it for granted for a
while, together with (3.28) we find
Zpertq (p,Q)
2
∑
λ(1),λ(2)
Z instq (λ
(1), λ(2), p, Q)2 = Z
SU(2)
5d SYM(a; Λ, R, ~). (3.30)
The RHS is the exact partition function [2] for the five-dimensional supersymmetric SU(2)
Yang-Mills with the Chern-Simons term. We notice that, as confirmed [2] for four-dimensional
N = 2 supersymmetric gauge theories, the gauge theory partition function is realized as the
~→ 0 limit of the above partition function.
It is clear from (3.30) that the field theory limit is the thermodynamic limit with a,Λ and
R fixed. The identification (3.27) makes p = o(~−1). The corresponding ground partition in
(3.30) becomes very large. The partitions λ(r) represent U(1) gauge instantons with c2 = |λ(r)|
on a non-commutative R4. In the model of random partitions, it follows from (3.7) that these
gauge instantons become excitations from the ground partition. They provide the deformation
of the ground partition at the thermodynamic limit (Figure 5). These imply that the ground
partitions describe the perturbative regime of the Coloumb branch while their deformation
becomes non-perturbative in the gauge theory.
2p− 1−2p + 1
x
0
Figure 5: Deformation of the SU(2) ground partition for p≫ 1 by two
partitions (3, 1, 1) and (3, 2).
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3.3 Interpretation as topological string amplitude
The relevant non-compact Calabi-Yau threefold is the local F2. The geometric engineering
[5] dictates that four-dimensional N = 2 supersymmetric SU(2) Yang-Mills is realized by the
canonical bundle over the Hirzebruch surface Fm. It is an ALE space with A1 singularity fibred
over P1. Type of the fibrations of the ALE space is labelled by the integer m, which is called
the framing and taking values 0, 1, 2. We choose the framing to be m = 2. The geometrical
data are the Ka¨hler volumes of the compact two-cycles. We denote the Ka¨hler parameters of
the base P1 and the fibre P1 (the blow-up cycle of A1 singularity) respectively by tB and tF .
Topological string amplitudes on the geometries dictated by the geometric engineering are
computed in [7, 8] by using the topological vertices. We summarize these amplitudes in Ap-
pendix. Since they are generating functions of the world-sheet instantons, string coupling
constant gst and the Ka¨hler parameters appear in the amplitudes as certain combinations of
q = e−gst ,QB = e
−tB and QF = e
−tF .
Let us denote the topological string amplitude on the local F2 by Z
SU(2)
string(q, QF , QB). It is
given in (A.3). By comparing (3.25) with (A.3), we see that the gauge instanton contribution
(3.28) can be converted to the string amplitude as follows.
∑
λ(1),λ(2)
Z instq (λ
(1), λ(2), p, Q)2 =
∞∏
k=1
(1−QF q
2k)2k Z
SU(2)
string(q
2, QF , Q
2), (3.31)
where we put QF = q
4p˜. This is in accord with the result [7, 8] that the topological string
amplitude on the local F2 leads to the instanton part of the partition function of five-dimensional
supersymmetric SU(2) Yang-Mills.
Due to the identification ~ ∼ gst, the thermodynamic limit is in the perturbative regime
of string theory. The previous consideration about the role of the ground partitions in gauge
theory could be translated in string theory. The ground partitions at the thermodynamic limit
must be interpreted as classical objects in string theory. The relation tF = 4Ra, which follows
from (3.31), suggests that the ground partitions describe the resolution of A1 singularity in the
local F2.
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4 Perturbative gauge theory from ground partitions
The aim of this section is to show that the square of Zpertq (p,Q) in (3.30) describes the pertur-
bative part of the partition function for the five-dimensional supersymmetric Yang-Mills.
Let Gn be the partition (n, n−1, · · · , 1), where n is a positive integer. The ground partition
µ(∅, ∅; p) for p ∈ Z≥1 is G2p−1 1. Let us consider the logarithm of Zpertq (p,Q)
2. It can be written
as follows.
− lnZpertq (p,Q)
2 = ln
∏
(i,j)∈G2p−1
(
q−
h(i,j)
2 − q
h(i,j)
2
)2
Q
= ln
2p−1∏
k=1
(
eR~(2p˜−k) − e−R~(2p˜−k)
)2k
(−)k(2RΛ)2k
, (4.1)
where q and Q are translated to Λ and R by (3.26). We also note p˜ = p− 1
4
. We further factor
the logarithm as
− lnZpertq (p,Q)
2
=
2p−1∑
k=1
k ln
(
eR~(2p˜−k) − e−R~(2p˜−k)
2RΛ
)
+
2p−1∑
k=1
k ln
(
e−R~(2p˜−k) − eR~(2p˜−k)
2RΛ
)
= g(2p |~, 2R,Λ)+ g(2p | − ~, 2R,Λ), (4.2)
where we introduce
g(2p |~, 2R,Λ) =
2p−1∑
k=1
k ln
(
sinhR~(2p˜− k)
RΛ
)
. (4.3)
The function (4.3) becomes identical to the function γ~(x; β; Λ) given in [2]. To confirm
this, it should be tested first of all by the q-difference equation [2].
Proposition 1 The function (4.3) satisfies the q-difference equation
g(2p+ 1|~, 2R,Λ) + g(2p− 1|~, 2R,Λ)− 2g(2p|~, 2R,Λ) = ln
(
sinhR(2~p˜)
RΛ
)
. (4.4)
Let us verify (4.4) by using a recurrence relation among the Young diagrams Gn. The Young
diagrams G2p and G2p−2 are piled in Figure 6-(a) so that any two boxes at a common position
1The ground partition for p ∈ Z≤−1 is G|2p|. The discussion presented below goes as well in these cases.
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have the same hook length. While in Figure 6-(b), two G2p−1 are slightly shifted to cover the
piled diagrams of (a). Each box of the diagrams has the same hook length as that of G2p at the
same position. By noting (4.1), we exponentiate the LHS of (4.4) to∏
(i,j)∈G2p
(q−
h(i,j)
2 − q
h(i,j)
2 )
∏
(i,j)∈G2p−1
(q−
h(i,j)
2 − q
h(i,j)
2 )−1
×
∏
(i,j)∈G2p−1
(q−
h(i,j)
2 − q
h(i,j)
2 )−1
∏
(i,j)∈G2p−2
(q−
h(i,j)
2 − q
h(i,j)
2 ). (4.5)
It follows from the above explanation of the figures that nearly all the products which come
from G2p and G2p−2 in (4.5) cancel with the products coming from two G2p−1, and that the net
becomes only the contribution from the shaded box in Figure 6-(c). Hence, (4.5) is equal to
q−
4p−1
2 − q
4p−1
2 . This turns to give the RHS of (4.4).
G2p
G2p−2
G2p−1
G2p−1
(a) (b) (c)
Figure 6: The Young diagrams for the q-difference equation.
Proposition 2 The function g(2p|~, 2R,Λ) coincides with the function γ~(2~p˜|2R; Λ) in [2],
up to a linear function in ~p˜.
To prove the above we rewrite (4.3) as
g(2p|~, 2R,Λ)
= −
2p−1∑
k=1
k ln(2RΛ) +R~
2p−1∑
k=1
k(2p˜− k) +
2p−1∑
k=1
k ln
(
1− e−2R~(2p˜−k)
)
. (4.6)
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The first two terms become
−
2p−1∑
k=1
k ln(2RΛ) = −
(2~p˜)2
2~2
ln(2RΛ) +
1
8
ln(2RΛ),
R~
2p−1∑
k=1
k(2p˜− k) =
R(2~p˜)3
6~2
−
R(2~p˜)
24
. (4.7)
As regards the last term of (4.6) we rewrite the finite sum as a subtraction between two infinite
sums and then expand the logarithms
2p−1∑
k=1
k ln
(
1− e−2R~(2p˜−k)
)
=
{
+∞∑
k=1
−
+∞∑
k=2p
}
k ln
(
1− e−2R~(2p˜−k)
)
= −
∞∑
k=1
k
∞∑
m=1
1
m
e−2Rm~(2p˜−k) +
∞∑
k=2p
k
∞∑
m=1
1
m
e−2Rm~(2p˜−k). (4.8)
The summations over k in the above give rise to
2p−1∑
k=1
k ln(1− e−2Rm~(2p˜−k))
=
∞∑
m=1
1
m
e−Rm(2~p˜)
(1− e2Rm~)(1− e−2Rm~)
+ (p˜+
1
4
)
∞∑
m=1
1
m
eRm~
1− e2Rm~
−
∞∑
m=1
1
m
eRm~
(1− e2Rm~)(1− e−2Rm~)
, (4.9)
where the first term provides an analogue of the McMahon function, and the last two terms
are a linear function in ~p˜.
Collecting (4.7) and (4.9), we obtain the following expression for g(2p|~, 2R,Λ).
g(2p|~, 2R,Λ)
= α(~, 2R,Λ) + β(~, 2R,Λ)(~p˜)
−
(2~p˜)2
2~2
ln(2RΛ) +
R(2~p˜)3
6~2
+
∞∑
m=1
1
m
e−2Rm(2~p˜)
(1− e2Rm~)(1− e−2Rm~)
= α(~, 2R,Λ) + β(~, 2R,Λ)(~p˜) + γ~(2~p˜|2R,Λ). (4.10)
Thus up to a linear function in ~p˜, the function (4.3) is identified with the perturbative term
given in [2]. We lastly remark that g(p|~, 2R,Λ) has the smooth R → 0 limit, as is obvious
from (4.3).
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By the same argument as above we can also express g(2p| − ~, 2R,Λ) in a form analogous
to (4.10). It becomes as follows.
g(2p| − ~, 2R,Λ)
= α(−~, 2R,Λ) + β(−~, 2R,Λ)(−~p˜)
−
(2~p˜)2
2~2
ln(2RΛ)−
R(2~p˜)3
6~2
+
∞∑
m=1
1
m
e2Rm(2~p˜)
(1− e2Rm~)(1− e−2Rm~)
= α(−~, 2R,Λ) + β(−~, 2R,Λ)(−~p˜) + γh(−2~p˜|R,Λ). (4.11)
Combining (4.10) and (4.11), we arrive at
Zpertq (p,Q)
2 = exp
{
−g(2p|~, 2R,Λ)− g(2p| − ~, 2R,Λ)
}
= exp
{
−∆(0)(~, 2R,Λ)−∆(1)(~, 2R,Λ)(~p˜)
}
× exp
{
−
(
γ~(2~p˜|2R,Λ) + γ~(−2~p˜|2R,Λ)
)}
, (4.12)
where ∆(0) and ∆(1) are the collections of α and β in (4.10) and (4.11). In terms of the VEV
of the adjoint scalar (3.27) the above becomes
Zpertq (p,Q)
2 = exp
{
−∆(0)(~, 2R,Λ)−∆(1)(~, 2R,Λ)a
}
× exp
{
−
(
γ~(2a|2R,Λ) + γ~(−2a|2R,Λ)
)}
. (4.13)
The expression (4.13) shows that the square of Zpertq can be identified with the perturbative
part of the partition function for the five-dimensional supersymmetric Yang-Mills.
5 SU(N) Yang-Mills and random plane partitions
The previous discussions on the SU(2) gauge theory could be generalized to the higher rank
gauge groups. Owing to the identification (3.3) of N -component fermions any charged partition
(µ, n) can be expressed by a set of N charged partitions (λ(r), pr). We consider in the neutral
sector, that is, n =
∑N
r=1 pr = 0. (λ
(r), pr) determine a partition µ
(
{λ(r)}; {pr}
)
in this sector.
The corresponding Maya diagram Sµ({λ(r)}; {pr}) can be read from (3.5) as
Sµ({λ(r)}; {pr}) =
N⋃
r=1
{
N(xir(λ
(r)) + p˜r) ; ir ≥ 1
}
. (5.1)
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In this setting it is convenient to colour-code a partition. We N -colour the upper edges of
the Young diagram by attaching r to the edge when the projection of the middle point belongs
to NZ + r − 1
2
. Thereby rows and columns of the Young diagram are N -coloured. See Figure
7 for the case of N = 3. The box (i, j) in the Young diagram is bicoloured by (ri, sj), where ri
and sj are respectively the colors of the i-th row and the j-th column. The box bicoloured by
(r, s) is simply called (r, s)-box.
We regard the random plane partitions (2.5) as the q-deformed random partitions via (2.20)
and rewrite the partition function as
ZU(1)q (Q) =
∑
{pr}
∑
{λ(r)}
Q|µ({λ
(r)}; {pr})|sµ({λ(r)}; {pr})(q
−ρ)2. (5.2)
Similarly to the case of SU(2), we will further factor the above into the following form.
ZU(1)q (Q) =
∑
{pr}
ZSU(N) pertq ({pr}, Q)
∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q). (5.3)
SU(N) ground partitions
We consider the cases of the empty partitions
λ(r) = ∅ (1 ≤ ∀r ≤ N). (5.4)
For each {pr}, the corresponding partition µ ({∅}; {pr}) is named the SU(N) ground partition.
The case of N = 3 is illustrated in Figure 7. Their contributions to the partition function lead
us to introduce ZSU(N) pertq ({pr}, Q) by
q−
N2
12
∑N
s=1 p˜s
3
ZSU(N) pertq ({pr}, Q) ≡ Q
1
2
|µ({∅}; {pr})|sµ({∅}; {pr})(q
−ρ). (5.5)
In other words, we put
ZSU(N) pertq ({pr}, Q) =
∏
(i,j)∈µ({∅}; {pr})
Q
1
2
q−
h(i,j)
2 − q
h(i,j)
2
. (5.6)
This follows from (5.5) by applying the formula (2.21) and noting 2 κ(µ({∅}; {pr})) =
N2
3
∑N
s=1 p˜
3
s.
Let us compute ZSU(N) pertq given in the above. It is instructive to start with the case of
N = 3. To simplify the discussion, we order the three U(1) charges p1,2,3 as p1 > p2 > p3.
2κ(µ) measures asymmetry of the Young diagram.
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1
2
3
1
1
1
1
1
1
1
2
2
2
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2
3
3
3
3
3
3
3
3p3 − 2 3p2 3p1 − 20
Figure 7: The SU(3) ground partition for (p1, p2, p3) = (5,−1,−4).
The rows and the columns are coloured by 1, 2 and 3. The
Young diagram is bicoloured by (1, 2), (1, 3) and (2, 3). The
corresponding boxes are denoted respectively by ⊠,  and .
They satisfy p1 + p2 + p3 = 0 by the neutral condition. The ground partition for (p1, p2, p3) is
bicoloured by (1, 2), (1, 3) and (2, 3). We factor the products in (5.6) according to the color-
coding of the partition as follows.∏
(i,j)∈µ({∅};{p1,p2,p3})
(
q−
h(i,j)
2 − q
h(i,j)
2
)−1
=
∏
⊠∈µ({∅};{p1,p2,p3})
(
q−
h(⊠)
2 − q
h(⊠)
2
)−1 ∏
∈µ({∅};{p1,p2,p3})
(
q−
h()
2 − q
h()
2
)−1
×
∏
∈µ({∅};{p1,p2,p3})
(
q−
h()
2 − q
h()
2
)−1
, (5.7)
where we depict (1, 2)-box as ⊠, (1, 3)-box as  and (2, 3)-box as . Each term of (5.7) can be
23
r
s
(r, s)-box
Np1Np2Np3NpN
0
Figure 8: A general view of the SU(N) ground partition.
computed so that it acquires a form analogous to (3.14). For instance, the first term becomes
∏
⊠∈µ({∅};{p1,p2,p3})
(
q−
h(⊠)
2 − q
h(⊠)
2
)−1
=
p1−p2−1∏
k=1
(
q−
3
2
(p˜1−p˜2−k) − q
3
2
(p˜1−p˜2−k)
)−k
. (5.8)
These give the following expression for ZSU(3) pertq ;
ZSU(3) pertq (p1, p2, p3, Q) =
∏
1≤r<s≤3
pr−ps−1∏
k=1
{
Q
1
2
q−
3
2
(p˜r−p˜s−k) − q
3
2
(p˜r−p˜s−k)
}k
. (5.9)
For the cases of general values of N , we also order the U(1) charges as p1 > p2 > · · · > pN .
They satisfy
∑N
r=1 pr = 0. The SU(N) ground partition for {pr} is now bicoloured by (r, s)
with 1 ≤ r < s ≤ N . See Figure 8 for the illustration. We factor the products in (5.6) according
to the color-coding of the partition as in the case of N = 3.∏
(i,j)∈µ({∅};{ps})
(
q−
h(i,j)
2 − q
h(i,j)
2
)−1
=
∏
1≤r<s≤N
∏
(r,s)-boxes
(
q−
h((r,s)-box)
2 − q
h((r,s)-box)
2
)−1
. (5.10)
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The contribution of the (r, s)-boxes can be computed in a form similar to (5.8). We thus obtain
the following expression for ZSU(N) pertq ;
ZSU(N) pertq ({pr}, Q)
=
∏
1≤r<s≤N
pr−ps−1∏
k=1
 Q
1
2(∏s−1
t=r QFt
)− 1
2
q
Nk
2 −
(∏s−1
t=r QFt
) 1
2
q−
Nk
2

k
, (5.11)
where we put QFr ≡ q
N(p˜r−p˜r+1) for 1 ≤ r ≤ N .
SU(N) instantons
We factorize the partition function (5.2) in the following form.
ZU(1)q (Q)
=
∑
{pr}
q−
N2
6
∑N
s=1 p˜
3
s ZSU(N) pertq ({pr}, Q)
2
∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q)
2, (5.12)
where ZSU(N) instq are defined by the relations
Q
1
2
|µ({λ(r)}; {pr})|sµ({λ(r)}; {pr})(q
−ρ)
= q−
N2
12
∑N
s=1 p˜s
3
ZSU(N) pertq ({pr}, Q)Z
SU(N) inst
q ({λ
(r)}, {pr}, Q). (5.13)
Owing to (5.5) we can write the above as
ZSU(N) instq ({λ
(r)}, {pr}, Q) = Q
1
2(|µ({λ(r)}; {pr})|−|µ({∅}; {pr})|)
sµ({λ(r)}; {pr})(q
−ρ)
sµ({∅}; {pr})(q
−ρ)
. (5.14)
Let us compute ZSU(N) instq . We order p1 > p2 > · · · > pN for simplicity. The ratio
of the Schur functions in (5.14) is translated to infinite products by applying the formula
(3.19). By using the description (5.1) we can classify the ingredients of the products ac-
cording as they are made of q−
N
2 (xi(λ(r))−xj(λ(r))) − q
N
2 (xi(λ(r))−xj(λ(r))) where 1 ≤ r ≤ N , or
(
∏s−1
t=r QFt)
− 1
2 q−
N
2 (xi(λ
(r))−xj(λ
(s))) − (
∏s−1
t=r QFt)
1
2 q
N
2 (xi(λ
(r))−xj(λ
(s))) where 1 ≤ r < s ≤ N . We
then factor the RHS of (5.14) by this classification. Taking (3.6) into account, we obtain the
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following expression for ZSU(N) instq .
ZSU(N) instq ({λ
(r)}, {pr}, Q)
= ±Q
N
2
∑N
r=1 |λ
(r)|q−
N2
4
∑N
r=1 κ(λ
(r))
N∏
r<s
(s−1∏
t=r
QFt
)− |λ(r)|−|λ(s)|
2
×
N∏
r=1
∏
1≤i<j<∞
{
q−
N
2 (xi(λ
(r))−xj(λ
(r))) − q
N
2 (xi(λ
(r))−xj(λ
(r)))
q−
N(j−i)
2 − q
N(j−i)
2
}
×
N∏
r<s
∏
1≤i,j<∞

(∏s−1
t=r QFt
)− 1
2
q−
N
2 (xi(λ(r))−xj(λ(s))) −
(∏s−1
t=r QFt
) 1
2
q
N
2 (xi(λ(r))−xj(λ(s)))(∏s−1
t=r QFt
)− 1
2
q−
N(j−i)
2 −
(∏s−1
t=r QFt
) 1
2
q
N(j−i)
2
 .
(5.15)
The expression (5.15) makes it possible to rewrite ZSU(N) instq in a form convenient to compare
with the topological string amplitude. We first notice the identity∏
1≤i<j<∞
{
q−
N
2 (xi(λ(r))−xj(λ(r))) − q
N
2 (xi(λ(r))−xj(λ(r)))
q−
N(j−i)
2 − q
N(j−i)
2
}
= (−)|λ
(r)|q−
N
4
κ(λ(r))sλ(r)(q
Nρ) ,
(5.16)
which follows from the product formula (3.19). The identity (3.24) of the SU(2) theory has the
following generalization.
N∏
r<s
∏
1≤i,j<∞

(∏s−1
t=r QFt
)− 1
2
q−
N
2 (xi(λ(r))−xj(λ(s))) −
(∏s−1
t=r QFt
) 1
2
q
N
2 (xi(λ(r))−xj(λ(s)))(∏s−1
t=r QFt
)− 1
2
q−
N(j−i)
2 −
(∏s−1
t=r QFt
) 1
2
q
N(j−i)
2

=
N∏
r<s
{
q
N
4 (κ(λ(r))−κ(λ(s)))
(s−1∏
t=r
QFt
) 1
2(|λ
(r)|+|λ(s)|) ∞∏
k=1
(
1−
(s−1∏
t=r
QFt
)
qNk
)k}
×
∑
ν(1),··· , ν(N−1)
(N−1∏
t=1
Q
|ν(t)|
Ft
)
sν(1)(q
N(λ(1)+ρ))sν(N−1)(q
N(λ˜(N)+ρ))
×
∑
χ(1),··· , χ(N−2)
N−2∏
t=1
sν(t)/χ(t)(q
N(λ˜(t)+ρ))sν(t+1)/χ(t)(q
N(λ(t)+ρ)) . (5.17)
The substitution of (5.16) and (5.17) into (5.15) gives rise to some simple powers of q and
QFr in addition to a bunch of the Schur functions. The exponent of q can be read as
q−
N2
4
∑N
r=1 κ(λ
(r)) · q−
N
4
∑N
r=1 κ(λ
(r)) ·
N∏
r<s
q
N
4 (κ(λ(r))−κ(λ(s))) = q−
N
2
∑N
r=1 rκ(λ
(r)), (5.18)
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while the exponents of QFr become
N∏
r<s
(s−1∏
t=r
QFt
)|λ(s)|
=
N−1∏
r=1
Q
r
∑N
s=r+1 |λ
(s)|
Fr
. (5.19)
Together with the contributions of the Schur functions from (5.16) and (5.17) we finally obtain
ZSU(N) instq ({λ
(s)}, {ps}, Q)
= ±Q
N
2
∑N
r=1 |λ
(r)|q−
N
2
∑N
r=1 rκ(λ
(r))
N−1∏
r=1
Q
r
∑N
s=r+1 |λ
(s)|
Fr
N∏
r=1
sλ(r)(q
Nρ)
×
N∏
r<s
∞∏
k=1
(
1−
(s−1∏
t=r
QFt
)
qNk
)k
×
∑
ν(1),··· , ν(N−1)
(N−1∏
t=1
Q
|ν(t)|
Ft
)
sν(1)(q
N(λ(1)+ρ))sν(N−1)(q
N(λ˜(N)+ρ))
×
∑
χ(1),··· , χ(N−2)
N−2∏
t=1
sν(t)/χ(t)(q
N(λ˜(t)+ρ))sν(t+1)/χ(t)(q
N(λ(t)+ρ)). (5.20)
Interpretation as five-dimensional SU(N) Yang-Mills
We fix the U(1)-charges pr. The relevant field theory parameters are ar,Λ and R, where ar
(r = 1, · · · , N) are the VEVs of the adjoint scalar in the vector multiplet. We identify q, QFr
and Q with ar,Λ and R as follows.
q = e−
2
N
R~, QFr = e
−2R(ar−ar+1), Q = −(2RΛ)2. (5.21)
Since we have set QFr = q
N(p˜r−p˜r+1) the above implies
ar = ~p˜r. (5.22)
By the identifications (5.21), ZSU(N) instq are translated to the instanton contributions in
five-dimensional gauge theories. This follows by rephrasing the expression (5.15) in terms of
the field theory parameters. In particular, we obtain∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q)
2 = Z
SU(N) inst
5d SYM ({ar}; Λ, R, ~). (5.23)
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The RHS is the instanton part of the partition function [2] for five-dimensional N = 1 super-
symmetric SU(N) Yang-Mills with the Chern-Simons term [13]. The Chern-Simons corrections
come from the following factor in (5.15).
q−
N2
4
∑N
r=1 κ(λ
(r))
∏
1≤r<s≤N
(s−1∏
t=r
QFt
)− |λ(r)|−|λ(s)|
2
, (5.24)
which is also understood [17] as a part of the so-called framing factor of the topological string
vertices [6]. The Chern-Simons coupling constant becomes ccs = N .
Thanks to the identifications (5.21), the square of ZSU(N) pertq takes a form analogous to
(4.2). By using the expression (5.11) it becomes
ZSU(N) pertq ({pr}, Q)
2 =
N∏
r<s
exp
{
−g(pr − ps|~, 2R,Λ)− g(pr − ps| − ~, 2R,Λ)
}
. (5.25)
As is the case of SU(2), the functions g(pr− ps|~, 2R,Λ) coincide with γ~(~(p˜r − p˜s)|2R,Λ) up
to linear functions in ~(p˜r − p˜s). Thus, by taking (5.22) into account, we obtain
ZSU(N) pertq ({pr}, Q)
2 = exp
{
−∆(0)N (~, 2R,Λ)−
N∑
r 6=s
∆
(1)
N r,s(~, 2R,Λ)(ar − as)
}
× exp
{
−
N∑
r 6=s
γ~(ar − as|2R,Λ)
}
. (5.26)
The expression (5.26) shows that the square of ZSU(N) pertq is identified with the perturbative
part of the partition function for five-dimensional supersymmetric SU(N) Yang-Mills. Let
us recall that the perturbative part is introduced in (5.5) as the Boltzmann weight for the
ground partition after removing the factor, q−
N2
12
∑N
r=1 p˜
3
r . This removed factor turns to be the
perturbative correction [18] from the Chern-Simons term. Together with (5.23) we finally find
out
q−
N2
6
∑N
r=1 p˜
3
rZSU(N) pertq ({pr}, Q)
2
∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q)
2
= Z
SU(N)
5d SYM({ar}; Λ, R, ~). (5.27)
The RHS is the exact partition function [2] for the five-dimensional supersymmetric SU(N)
Yang-Mills with the Chern-Simons term.
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Similarly to the SU(2) case, the gauge theory is realized as the ~ → 0 limit of the above
partition function. It is the thermodynamic limit with ar,Λ and R fixed. The corresponding
ground partition in (5.27) becomes very large and the U(1) instantons λ(r) provide the deforma-
tion of the ground partition. Hence we can consistently say that the ground partitions describe
the perturbative regime of the Coloumb branch while their deformation is non-perturbative in
the gauge theory.
Ground partitions and classical SU(N) geometries
The relevant non-compact Calabi-Yau threefold is an ALE space with AN−1 singularity fibred
over P1. Type of the fibrations is labelled by the framing m ∈ [0, N ]. We choose the framing to
be m = N . The geometrical data are the Ka¨hler parameters tB and tFr , where 1 ≤ r ≤ N − 1.
They correspond respectively to the Ka¨hler volumes of the base P1 and the N − 1 blow-up
cycles of AN−1 singularity in the fibre.
The topological string amplitude on this local geometry is given in (A.1). We denote the
amplitude as Z
SU(N)
string (q, {QFr}, QB), where q = e
−gst, QFr = e
−tFr andQB = e
−tB . By comparing
(5.20) with (A.1), we see that the gauge instanton contribution (5.23) is converted to the string
amplitude as follows.∑
{λ(r)}
ZSU(N) instq ({λ
(r)}, {pr}, Q)
2
=
N∏
r<s
∞∏
k=1
(
1−
(s−1∏
t=r
QFt
)
qNk
)2k
Z
SU(N)
string (q
N , {QFr}, Q
N), (5.28)
where we put QFr = q
N(p˜r−p˜r+1). This is in accord with the result [7, 8] that the topological
string amplitude on this local Calabi-Yau geometry leads to the instanton part of the partition
function of five-dimensional supersymmetric SU(N) Yang-Mills.
Due to the identification ~ ∼ gst, the thermodynamic limit is in the perturbative regime
of string theory. The ground partitions at the thermodynamic limit should be interpreted
as classical objects in string theory. The relations tFr = 2R(ar − ar+1), which follow from
(5.28), suggest that the SU(N) ground partitions describe the resolutions of AN−1 singularity
in this local geometry. This identification allows us to interpret the perturbative Chern-Simons
correction as the triple intersections of the four-cycles [18] in the local geometry.
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A Topological string amplitudes
We present the topological string amplitudes related to four-dimensional N = 2 supersym-
metric gauge theories. The geometric engineering [5] dictates that four-dimensional N = 2
supersymmetric SU(N) Yang-Mills is realized by an ALE space with AN−1 singularity fibered
over P1. The fibration over P1 is labeled by an integer m ∈ [0, N ], which is often called the
framing. We consider the case of m = N . The geometric data turn to be related with the field
theory parameters. The Ka¨hler parameter tB of the base P
1 is proportional to 1/g2, where g
is the gauge coupling constant at the string scale. The gauge instanton effect is weighted with
e−c2/g
2
∼ Λ2Nc2. This leads to e−tB ∼ Λ2N . The Ka¨hler parameters tFr of the blow-up cycles in
the fibre are proportional to ar, the VEVs of the adjoint scalar in the vector multiplet.
The topological vertex [6] provides a powerful method to compute all genus topological A-
model partition functions on local toric Calabi-Yau threefolds. The computations are carried
out by using diagrammatic techniques like the Feynman rules. The diagrams are the dual toric
diagrams consisting of trivalent vertices. Topological string amplitudes on C3 with open-string
boundary conditions are attached to the vertices. They are derived based on the large N duality
[19] and the boundary conditions turn out to be fixed by three partitions. Gluing the vertices
by a certain rule, one obtains the topological string amplitudes on the threefolds.
The diagram which describes the above local geometry for the SU(N) gauge theory is
depicted in Figure 9. The method of the topological vertex gives the amplitude in the following
form 3.
Z
SU(N)
string (q, {QFr}, QB)
=
∑
λ(1),··· , λ(N)

Q
1
2
∑N
r=1 |λ
(r)|
B q
− 1
2
∑N
r=1 rκ(λ
(r))
N−1∏
r=1
Q
r
∑N
s=r+1 |λ
(s)|
Fr
N∏
r=1
sλ(r)(q
ρ)
×
∑
ν(1),··· , ν(N−1)
(N−1∏
t=1
Q
|ν(t)|
Ft
)
sν(1)(q
λ(1)+ρ)sν(N−1)(q
λ˜(N)+ρ)
×
∑
χ(1),··· , χ(N−2)
N−2∏
t=1
sν(t)/χ(t)(q
λ˜(t)+ρ)sν(t+1)/χ(t)(q
λ(t)+ρ)

2
, (A.1)
3Our convention is slightly different from [7, 8].
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λ(1), QB
λ(2), QBQ
2
F1
λ(N), QBQ
2
F1
Q4
F2
· · ·Q
2(N−1)
FN−1
QF1
QF2
QFN−1
Figure 9: The diagram for the local geometry of the SU(N) gauge the-
ory. Qi = e
−ti , where ti = tB , tFr (1 ≤ r ≤ N−1). Partitions
λ(r) are attached to the corresponding P1s.
where the parameters q, QFr and QB are given by
q = e−gst , QFr = e
−tFr , QB = e
−tB . (A.2)
(A.1) for the case of SU(2) becomes as follows; (QF = QF1)
Z
SU(2)
string(q, QF , QB)
=
∑
λ(1),λ(2)
 Q
1
2(|λ(1)|+|λ(1)|)
B q
− 1
2(κ(λ
(1))+2κ(λ(2))) Q
|λ(2)|
F
×sλ(1)(q
ρ) sλ(2)(q
ρ)
∑
ν
Q
|ν|
F sν(q
λ(1)+ρ)sν(q
λ˜(2)+ρ)

2
. (A.3)
Acknowledgements
T.N. is supported in part by Grant-in-Aid for Scientific Research 15540273. K.T. is supported
in part by Grant-in-Aid for Scientific Research 16340040.
31
References
[1] N. A. Nekrasov, “Seiberg-Witten Prepotential from Instanton Counting,” Adv. Theor.
Math. Phys. 7 (2004) 831, hep-th/0206161.
[2] N. Nekrasov and A. Okounkov, “Seiberg-Witten Theory and Random Partitions,”
hep-th/0306238.
[3] N. Seiberg and E. Witten, “Electric-Magnetic Duality, Monopole Condensation, and Con-
finement in N=2 Supersymmetric Yang-Mills Theory,” Nucl. Phys. B426 (1994) 19,
hep-th/9407087; Erratum, ibid. B430 (1994) 485; “Monopoles, Duality and Chiral Sym-
metry Breaking in N=2 Supersymmetric QCD,” ibid. B431 (1994) 484, hep-th/9408099.
[4] H. Nakajima and K. Yoshioka, “Instanton Counting on Blowup, I,” math.AG/0306198.
[5] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. P. Warner, “Self-Dual Strings and N=2
Supersymmetric Field Theory,” Nucl. Phys. B477 (1996) 746, hep-th/9604034.
S. Katz, A. Klemm and C. Vafa, “Geometric Engineering of Quantum Field Theories,”
Nucl. Phys. B497 (1997) 173, hep-th/9609239.
[6] A. Iqbal, “All Genus Topological String Amplitudes and 5-brane Webs as Feynman Dia-
grams,” hep-th/0207114.
M. Aganagic, A. Klemm, M. Marino and C. Vafa, “The Topological Vertex,”
hep-th/0305132.
[7] A. Iqbal and A. K. Kashani-Poor, “Instanton Counting and Chern-Simons Theory,” Adv.
Theor. Math. Phys. 7 (2004) 457, hep-th/0212279; “SU(N) Geometries and Topological
String Amplitudes,” hep-th/0306032.
[8] T. Eguchi and H. Kanno, “Topological Strings and Nekrasov’s Formulas,” JHEP 0312
(2003) 006, hep-th/0310235; “Geometric Transitions, Chern-Simons Gauge Theory and
Veneziano Type Amplitudes,” Phys. Lett. B585 (2004) 163, hep-th/0312234.
[9] A. Okounkov, N. Reshetikhin and C. Vafa, “Quantum Calabi-Yau and Classical Crystals,”
hep-th/0309208.
32
[10] A. Okounkov and N. Reshetikhin, “Correlation Function of Schur Process with Application
to Local Geometry of a Random 3-Dimensional Young Diagram,” J. Amer. Math. Soc. 16
(2003) no.3 581, math.CO/0107056.
[11] A. Iqbal, N. Nekrasov, A. Okounkov and C. Vafa, “Quantum Foam and Topological
Strings,” hep-th/0312022.
[12] M. Jimbo and T.Miwa, “Solitons and Infinite Dimensional Lie Algebras,” Publ. RIMS,
Kyoto Univ., 19 (1983) 943.
[13] N. Seiberg, “Five Dimensional SUSY Field Theories, Non-Trivial Fixed Points and String
Dynamics,” Phys. Lett. B388 (1996) 753, hep-th/9608111.
[14] H. Nakajima, “Lectures on Hilbert schemes of points on surfaces,” Univ. Lect. Ser. 18,
AMS, 1999.
[15] I. G. Macdonald, “Symmetric Functions and Hall Polynomials,” Clarendon Press, 1995.
[16] R. Gopakumar and C. Vafa, “M-theory and Topological Strings. I,” hep-th/9809187.
[17] Y. Tachikawa, “Five-Dimensional Chern-Simons Terms and Nekrasov’s Instanton count-
ing,” JHEP 0402 (2004) 050, hep-th/0401184.
[18] K. Intriligator, D. Morrison and N. Seiberg, “Five-Dimensional Supersymmetric Gauge
Theories and Degenerations of Calabi-Yau Spaces,” Nucl. Phys. B497 (1997) 56,
hep-th/9702198.
A. Iqbal and V. Kaplunovsky, “Quantum Deconstruction of a 5D SYM and its Moduli
Space,” JHEP 0405 (2004) 013, hep-th/0212098.
[19] R. Gopakumar and C. Vafa, “On the Gauge Theory/Geometry Correspondence,” Adv.
Theor. Math. Phys. 3 (1999) 1415, hep-th/9811131.
M. Aganagic, M. Marino and C. Vafa, “All Loop Topological String Amplitudes from Chern-
Simons Theory,” Commun. Math. Phys. 247 (2004) 467, hep-th/0206164.
33
